Representations of the fixed point subalgebra of the vertex algebra
  associated to a non-degenerate even lattice by an automorphism of order $2$ by Tanabe, Kenichiro
ar
X
iv
:2
00
5.
12
91
0v
2 
 [m
ath
.Q
A]
  2
8 M
ay
 20
20 Representations of the fixed point subalgebra
of the vertex algebra associated to a
non-degenerate even lattice by an
automorphism of order 2
Kenichiro Tanabe∗
Department of Mathematics
Hokkaido University
Kita 10, Nishi 8, Kita-Ku, Sapporo, Hokkaido, 060-0810
Japan
ktanabe@math.sci.hokudai.ac.jp
Abstract
Let VL be the vertex algebra associated to a non-degenerate even
lattice L, θ the automorphism of VL induced from the −1-isometry of
L, and V +L the fixed point subalgebra of VL under the action of θ. We
show that every weak V +L -module is completely reducible.
1 Introduction
The vertex (operator) algebras V such that every (N-graded) weak V -module
is completely reducible are a fundamental class of vertex (operator) algebras
as with groups, rings, and Lie algebras. In the case of weak modules, a typ-
ical example of such a vertex algebra is the vertex algebra VL associated to
∗Research was partially supported by the Grant-in-aid (No. 18K03198) for Scientific
Research, JSPS.
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a non-degenerate even lattice L [7, 13, 16]. A vertex operator algebra V is
called rational (resp. regular) if every N-graded weak (resp. weak) V -module
is completely reducible. Thus, the vertex operator algebra VL associated to
a positive definite lattice L is an example of regular vertex operator alge-
bra, where we note that the vertex algebra VL is a vertex operator algebra
only in the case when L is positive definite. Examples of other regular, and
hence rational vertex operator algebras include the moonshine vertex opera-
tor algebra V ♮ [8, 16], vertex operator algebras associated to the irreducible
vacuum representations for affine Kac–Moody algebras with positive integer
levels [13, 17], vertex operator algebras of irreducible highest weight modules
for the Virasoro algebra of highest weight zero and minimal central charges
[13, 17, 29], the vertex operator algebras associated to minimal representa-
tions of W -algebras [4]. In most cases above, the Zhu algebras, which are
associative C-algebras introduced in [31], play an essential role in showing the
rationality since [31, Theorem 2.2.1] shows that for a vertex operator algebra
V there is a one to one correspondence between the set of all isomorphism
classes of irreducible N-graded weak V -modules and that of irreducible mod-
ules for the Zhu algebra associated to V . We remark that if a vertex operator
algebra V = ⊕∞n=0Vn with V0 = C1 is regular, then every weak V -module is
N-graded by [3, Theorem 4.5 and Proposition 5.7].
It is expected that the property of a simple vertex operator algebra of
being rational is preserved by taking the fixed point subalgebra under the
action of any finite automorphism group. Namely, let V be a vertex algebra,
G a finite automorphism group of V , and V G the fixed point subalgebra
of V under the action of G: V G = {u ∈ V | gu = u for all g ∈ G}. It
is conjectured that if a simple vertex operator algebra V is rational, then
so is V G [6]. This conjecture is an analogue of a result due to Levitzki
([20], see also [22, Theorem 1.15]) in ring theory. Let L be a non-degenerate
even lattice and θ the automorphism of VL induced from the −1-isometry
of L. The conjecture has been confirmed in the vertex operator algebra
V +L := V
〈θ〉
L [2, 10], where L is a positive definite even lattice. It is worth
mentioning that the moonshine vertex operator algebra V ♮ is constructed as
a direct sum of V +Λ and an irreducible V
+
Λ -module in [16] where Λ is the Leech
lattice. This example demonstrates the importance of the fixed point vertex
subalgebras, in particular V +L . When L is not positive definite, the vertex
algebra VL is not a vertex operator algebra as mentioned above, however, it
is established in [30, Theorems 3.8 and 3.16] that every N-graded weak V +L -
module is completely reducible by using the Zhu algebra. There are some
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other examples in which the conjecture is confirmed (cf. [11, 27, 28]).
Contrary to the case of N-graded weak modules, the study of non-N-
graded weak modules for vertex (operator) algebras has not progressed and
is widely known to be difficult because of the absence of useful tool like the
Zhu algebras for non-N-graded weak modules. So far, the vertex algebras
VL such that L are not positive definite are only one class of vertex algebras
which are not vertex operator algebras and whose weak modules are well
understood. For some vertex operator algebras, the irreducible weak modules
with Whittaker vectors, which are non-N-graded, are classified in [25, 26].
The aim of this paper is the study of weak V +L -modules for any non-
degenerate even lattice L of finite rank. More precisely, as a continuation of
[24, Theorem 1.1] which classifies the irreducible weak V +L -modules, we shall
show the following result, which means that an analogue of the conjecture
for the fixed point vertex operator subalgebras above holds for the vertex
algebra V +L :
Theorem 1.1. Every weak V +L -module is completely reducible for any non-
degenerate even lattice L of finite rank.
When L is positive definite, this result is shown in [2, Theorem 7.7] in
the case that rankL = 1 and in [10, Theorem 6.5] in the general case.
Let us explain the basic idea briefly. Let L be a non-degenerate even
lattice. Since [24, Lemma 7.3] shows that every weak V +L -module has an
irreducible weak V +L -module, it is enough to show that Ext
1
V +
L
(M,W ) = 0
for any pair of irreducible weak V +L -modules M and W . Let M(1) be the
Heisenberg vertex operator algebra constructed from h := C ⊗Z L. Then,
M(1) is a subalgebra of VL and the fixed point subspace M(1)
+ = {a ∈
M(1) | θ(a) = a} is a subalgebra of V +L . The irreducible M(1)+-modules
are classified in [14, Theorem 4.5] in the case that dimC h = 1 and in [15,
Theorem 6.2.2] in the general case. We have classified the irreducible weak
V +L -modules in [24, Theorem 1.1] and we remark that each irreducible weak
V +L -module is a direct sum of irreducible M(1)
+-modules. We follow the
notation in these results. We first show that for any irreducible M(1)+-
submodule K of a weak V +L -module which is not isomorphic to M(1, λ) for
any λ ∈ L, the weak V +L -submodule generated by K is completely reducible
(Lemma 3.1). We note that each irreducible weak V +L -module includes such
an irreducible M(1)+-submodule K. Thus, it is enough to show that for any
pair of irreducible weak V +L -modules M and W , any exact sequence of weak
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V +L -modules
0→ W → N π→M → 0, (1.1)
and the irreducible M(1)+-submodule K of M in Lemma 3.1, there exists
an M(1)+-submodule of N which is isomorphic to K under the restriction of
π in (1.1). When (M,W ) is not isomorphic to (V ±L , V
∓
L ), (Vλ+L, Vλ+L) with
λ ∈ L⊥ and 2λ 6∈ L, (V ρλ+L, V σλ+L) with λ ∈ L⊥\L, 2λ ∈ L, and ρ, σ ∈ {+,−},
we can carry out this procedure using results in [24] and [30] (Corollary 3.3).
For the other (M,W ), we take a certain preimage U of the lowest space of K
under the map π : N → M in (1.1). If (M,W ) 6∼= (V +L , V −L ), then a similar
argument as in the proof of [24, Lemmas 3.10 and 5.5] shows that U is a
subspace of
ΩM(1)+(N) =
{
u ∈ N
∣∣∣ aiu = 0 for all homogeneous a ∈ V
and i > wt a− 1.
}
(1.2)
and is an irreducible module for the Zhu algebra A(M(1)+). It follows from
[24, Corollary 5.9] that theM(1)+-submodule of N generated by U is isomor-
phic to K (Lemmas 3.6 and 3.8). If (M,W ) ∼= (V +L , V −L ), then U is spanned
by a preimage u of the vacuum element 1 ∈ M . We show that ω0u = 0 and
hence the V +L -submodule of N generated by u is isomorphic to V
+
L (Lemma
3.7).
Throughout this paper, complicated computation has been done by a
computer algebra system Risa/Asir[23].
The organization of the paper is as follows. In Section 2 we recall some
basic properties of the Heisenberg vertex operator algebra M(1), the vertex
algebra VL associated to a non-degenerate even lattice L, and the fixed point
subalgebras M(1)+ and V +L . In Section 3 we give a proof of Theorem 1.1.
2 Preliminary
We assume that the reader is familiar with the basic knowledge on vertex
algebras as presented in [5, 16, 19, 21].
Throughout this paper, p is a non-zero integer, N denotes the set of all
non-negative integers, Z denotes the set of all integers, L is a non-degenerate
even lattice of finite rank d with a bilinear form 〈 , 〉, L⊥ is the dual of L:
L⊥ = {α ∈ Q ⊗Z L | 〈α, β〉 ∈ Z for all β ∈ L}, and (V, Y, 1) is a vertex
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algebra. Recall that V is the underlying vector space, Y ( , x) is the linear
map from V ⊗C V to V ((x)), and 1 is the vacuum vector. Throughout this
paper, we always assume that V has an element ω such that ω0a = a−21
for all a ∈ V . For a vertex operator algebra V , this condition automatically
holds since V has the conformal vector (Virasoro element). We write down
the definition of a weak V -module:
Definition 2.1. A weak V -moduleM is a vector space over C equipped with
a linear map
YM( , x) : V ⊗C M →M((x))
a⊗ u 7→ YM(a, x)u =
∑
n∈Z
anux
−n−1 (2.1)
such that the following conditions are satisfied:
(1) YM(1, x) = idM .
(2) For a, b ∈ V and u ∈M ,
x−10 δ(
x1 − x2
x0
)YM(a, x1)YM(b, x2)u− x−10 δ(
x2 − x1
−x0 )YM(b, x2)YM(a, x1)u
= x−11 δ(
x2 + x0
x1
)YM(Y (a, x0)b, x2)u. (2.2)
For i ∈ Z, we define
Z<i = {j ∈ Z | j < i} and Z>i = {j ∈ Z | j > i}. (2.3)
For n ∈ C and a weak V -module M , we define Mn = {u ∈ V | ω1u = nu}.
For a ∈ Vn (n ∈ C), wt a denotes n. For a vertex algebra V which admits a
decomposition V = ⊕n∈ZVn and a subset U of a weak V -module, we define
ΩV (U) =
{
u ∈ U
∣∣∣ aiu = 0 for all homogeneous a ∈ V
and i > wt a− 1.
}
. (2.4)
For a vertex algebra V which admits a decomposition V = ⊕n∈ZVn, a weak
V -module N is called N-graded if N admits a decomposition N = ⊕∞n=0N(n)
such that aiN(n) ⊂ N(wt a − i − 1 + n) for all homogeneous a ∈ V , i ∈ Z,
and n ∈ Z≥0, where we define N(n) = 0 for all n < 0. For a triple of weak
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V -modules M,N,W , u ∈ M, v ∈ W , and an intertwining operator I( , x)
from M ×W to N , we write the expansion of I(u, x)v by
I(u, x)v =
∑
i∈C
uivx
−i−1 ∈ N{x}. (2.5)
In this paper, we consider only the case that the image of I( , x) is contained
in N((x)), namely I( , x) : M ×W → N((x)). For a subset X of W ,
M ·X denotes SpanC{aiu | a ∈M, i ∈ Z, u ∈ X} ⊂ N. (2.6)
For an intertwining operator I( , x) :M ×W → N((x)), u ∈M , and v ∈ W ,
we define ǫI(u, v) = ǫ(u, v) ∈ Z ∪ {−∞} by
uǫI(u,v)v 6= 0 and uiv = 0 for all i > ǫI(u, v) (2.7)
if I(u, x)v 6= 0 and ǫI(u, v) = −∞ if I(u, x)v = 0. If M is irreducible, then
ǫI(u, v) ∈ Z by [12, Proposition 11.9]. For a weak module (M,YM), we write
ǫM = ǫYM for simplicity.
We recall the Zhu algebra A(V ) of a vertex operator algebra V from [31,
Section 2]. For homogeneous a ∈ V and b ∈ V , we define
a ◦ b =
∞∑
i=0
(
wt a
i
)
ai−2b ∈ V (2.8)
and
a ∗ b =
∞∑
i=0
(
wt a
i
)
ai−1b ∈ V. (2.9)
We extend (2.8) and (2.9) for any a ∈ V by linearity. We also define O(V ) =
SpanC{a ◦ b | a, b ∈ V }. Then, the quotient space
A(V ) =M/O(V ) (2.10)
called the Zhu algebra associated to V , is an associative C-algebra with mul-
tiplication (2.9) by [31, Theorem 2.1.1]. In [31, Theorem 2.2.1], Zhu shows
that for a vertex operator algebra V there is a one to one correspondence
between the set of all isomorphism classes of irreducible N-graded weak V -
modules and that of irreducible modules for the Zhu algebra associated to
V .
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For a finite dimensional vector space h equipped with a non-degenerate
symmetric bilinear form 〈 , 〉, M(1) denotes the Heisenberg vertex operator
algebra constructed from h (cf. [19, Section 6.3]). As a vector space, M(1) is
the symmetric algebra of h ⊗ C[t−1]. For α ∈ h and n ∈ Z<0, α(n) denotes
α⊗ tn ∈ h⊗ C[t−1]. The conformal vector of M(1) is given by
ω =
1
2
dim h∑
i=1
hi(−1)h′i(−1)1 (2.11)
where {h1, . . . , hdim h} is a basis of h and {h′1, . . . , h′dim h} is its dual basis. For
β ∈ h, M(1, β) denotes the irreducible M(1)-module generated by the vector
eβ such that (α(−1)1)0eβ = 〈α, β〉eβ and (α(−1)1)neβ = 0 for all α ∈ h and
n ∈ Z>0.
Let Lˆ be the canonical central extension of L by the cyclic group 〈κ〉 of
order 2 with the commutator map c(α, β) = κ〈α,β〉 for α, β ∈ L:
0→ 〈κ〉 → Lˆ −→ L→ 0. (2.12)
Taking M(1) for h := C⊗Z L, we define Vλ+L := ⊕β∈λ+LM(1, β) for λ+L ∈
L⊥/L. Then, VL admits a unique vertex algebra structure compatible with
the action of M(1) and is called the lattice vertex algebra (cf. [19, Section
6.4]). For each λ+ L ∈ L⊥/L the M(1)-module Vλ+L is an irreducible weak
VL-module which admits the following decomposition:
Vλ+L =
⊕
n∈〈λ,λ〉/2+Z
(Vλ+L)n where (Vλ+L)n = {a ∈ Vλ+L | ω1a = na}. (2.13)
It is shown in [7, Theorem 3.1] that {Vλ+L | λ+L ∈ L⊥/L} is a complete set
of representatives of equivalence classes of the irreducible weak VL-modules
where L⊥ is the dual lattice of L, and in [13, Theorem 3.16] that every weak
VL-module is completely reducible. Note that if L is positive definite, then
dimC(Vλ+L)n < +∞ for all n ∈ λ + L and (Vλ+L)〈λ,λ〉/2+i = 0 for sufficiently
small i ∈ Z. If L is not positive definite, then
dimC(Vλ+L)n = +∞ (2.14)
for all n ∈ 〈λ, λ〉/2+Z, which implies that Vλ+L is not a VL-module. The −1-
isometry of L induces an automorphism of Lˆ of order 2 and an automorphism
of VL of order 2. By abuse of notation we denote these automorphisms by
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the same symbol θ. For a weak VL-module M , we define a weak VL-module
(M ◦ θ, YM◦θ) by M ◦ θ =M and
YM◦θ(a, x) = YM(θ(a), x) (2.15)
for a ∈ VL. Then Vλ+L ◦ θ ∼= V−λ+L for λ ∈ L⊥. Thus, for λ ∈ L⊥ with
2λ ∈ L we define
V ±λ+L = {u ∈ Vλ+L | θ(u) = ±u}. (2.16)
For α ∈ h, we define
E(α) = eα + θ(eα). (2.17)
Let α ∈ L \ {0}. By [19, (6.4.62)], we have
ǫVλ+L(E(α), e
λ) = |〈α, λ〉| − 1 (2.18)
for λ ∈ L⊥ \ {0,±α} and
ǫV ±
λ+L
(E(α), eλ + θ(eλ)) = |〈α, λ〉| − 1. (2.19)
for λ ∈ L⊥ \ {0,±α} with 2λ ∈ L.
Set a submodule K = {θ(a)a−1 | a ∈ Lˆ} of Lˆ. The vector space M(1)(θ)
denotes the θ-twisted M(1)-module, Tχ denotes the irreducible Lˆ/K-module
associated to a central character χ such that χ(κ) = −1, and V TχL denotes
the irreducible θ-twisted VL-module associated to χ (cf. [16, Section 9] and
[9]). We define
M(1)(θ)± = {u ∈M(1)(θ) | θ(u) = ±u},
(V
Tχ
L )
± = {u ∈ V TχL | θ(u) = ±u}. (2.20)
It is shown in [14, Theorem 4.5] and [15, Theorem 6.2.2] that the following
is a complete set of representatives of equivalence classes of the irreducible
irreducible M(1)+-module:
M(1)±,M(1, λ) ∼= M(1,−λ) with λ ∈ h \ {0},M(1)(θ)±. (2.21)
It is also shown in [24, Thorem 1.1] that for a non-degenerate even lattice L
of finite rank, the following is a complete set of representatives of equivalence
classes of the irreducible weak V +L -modules:
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(1) V ±λ+L, λ+ L ∈ L⊥/L with 2λ ∈ L,
(2) Vλ+L ∼= V−λ+L, λ+ L ∈ L⊥/L with 2λ 6∈ L,
(3) V
Tχ,±
L for any irreducible Lˆ/K-module Tχ with central character χ.
Let h[1], . . . , h[d] be an orthonormal basis of h. For i = 1, . . . , d, we define
ω[i] =
1
2
h[i](−1)2,
ω = ω[1] + · · ·+ ω[d],
H [i] =
1
3
h[i](−3)h[i](−1)1− 1
3
h[i](−2)21,
H〈6〉,[i] =
1
5
h[i](−5)h[i](−1)1− 13
10
h[i](−4)h[i](−2)1+ 11
10
(h(−3)[i])21. (2.22)
We recall the following notation and some results from [15, Sections 4 and 5]:
for any pair of distinct elements i, j ∈ {1, . . . , d} and l, m ∈ Z>0, we define
Sij(l, m) = h
[i](−l)h[j](−m),
Euij = 5Sij(1, 2) + 25Sij(1, 3) + 36Sij(1, 4) + 16Sij(1, 5),
Etij = −16Sij(1, 2) + 145Sij(1, 3) + 19Sij(1, 4) + 8Sij(1, 5),
Λij = 45Sij(1, 2) + 190Sij(1, 3) + 240Sij(1, 4) + 96Sij(1, 5). (2.23)
It follows from [15, Proposition 5.3.14] that in A(M(1)+), Au = ⊕i,jCEuij
and At = ⊕i,jCEtij are two-sided ideals, each of which is isomorphic to the
d × d matrix algebra and AuAt = AtAu = 0. By [15, Proposition 5.3.15],
A(M(1)+)/(Au + At) is a commutative algebra generated by the images of
ω[i], H [i] and Λjk where i = 1, . . . , d and j, k ∈ {1, . . . , d} with j 6= k.
It is well known thatM(1)+ is strongly generated by ω[i], H [i], and Slm(1, r)
(1 ≤ i ≤ d, 1 ≤ m < l ≤ d, r = 1, 2, 3) in the sense of [18, p.111]. For a
coset Γ ∈ L⊥/L with Γ 6= L and 2Γ ⊂ L, we take a subset SΓ of Γ so that
Γ = SΓ ∪ (−SΓ) and SΓ ∩ (−SΓ) = ∅ where −SΓ = {−µ | µ ∈ SΓ}. We also
take a subset SL of L so that L \ {0} = SL ∪ (−SL) and SL ∩ (−SL) = ∅.
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Then,
V +L
∼= M(1)+ ⊕
⊕
α∈SL
M(1, α),
V −L
∼= M(1)− ⊕
⊕
α∈SL
M(1, α),
Vλ+L ∼=
⊕
µ∈λ+L
M(1, µ) for λ ∈ L⊥ \ L with 2λ 6∈ L,
V ±λ+L
∼=
⊕
µ∈Sλ+L
M(1, µ) for λ ∈ L⊥ \ L with 2λ ∈ L,
V
Tχ,±
L
∼= M(1)(θ)± ⊗C Tχ (2.24)
as M(1)+-modules.
The rest of this section we assume rankL = dimC h = 1. Let h = h
[1] be
an orthonormal basis of h. We write ω = ω[1], H = H [1], H〈6〉 = H〈6〉,[1] for
simplicity. In [2, (4.4)], H and H〈6〉 are denoted by H4 and H6 respectively.
We recall the following formulas from [2, (4.6)–(4.9)]: for m ∈ Z,
[H3, ωm+1] = −3mHm+3 − m
2(m+ 1)
2
ωm+1, (2.25)
[H3, [H3, ωm+1]] = 9m
2H
〈6〉
m+5 +
3m3(5m+ 9)
4
Hm+3
+
m3(3m3 + 7m2 + 3m− 3)
10
ωm+1, (2.26)
[H
〈6〉
5 , ωm+1] = −5mH〈6〉m+5 −
15m2(m+ 1)
4
Hm+3
− m
2(m+ 1)(2m2 + 2m− 1)
6
ωm+1, (2.27)
[H4, ωm+1] = −(3m− 1)Hm+4 − m(m+ 1)(3m+ 1)
6
ωm+2. (2.28)
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By (2.25)–(2.27),
ωm+1 =
−5
m3
[H3, ωm+1] +
5
m6
[H3, [H3, ωm+1]] +
9
m5
[H
〈6〉
5 , ωm+1]
=
−5
m3
(H3ωm+1 − ωm+1H3)
+
5
m6
((H3)
2ωm+1 − 2H3ωm+1H3 + ωm+1(H3)2)
+
9
m5
(H
〈6〉
5 ωm+1 − ωm+1H〈6〉5 ). (2.29)
Let L = Zα. We write p = 〈α, α〉 ∈ 2Z\{0} and E = E(α) for simplicity.
As stated in [24, [(3.27), (3.32), (3.33), and (3.35)], the following elements in
V +L are zero:
P (8),H = −2376ω−2ω−2ω−11+ 3168ω−3ω−1ω−11− 6256ω−3ω−31− 11799ω−4ω−21
+ 30456ω−5ω−11+ 2310ω−71− 9504ω−1ω−1H−11− 6024ω−3H−11
− 13419ω−2H−21− 6516ω−1H−31+ 11868H−51+ 5040H2−11,
(2.30)
Q(4) = 2(p− 2)(−27 + 54p− 44p2 + 40p3)ω−3E
− 12p(p− 2)(−3 + 4p)ω2−1E
− 6p(p− 2)(−9 + 2p)(−1 + 2p)H−1E
+ (−72p3 − 96p2 + 210p− 90)ω0ω−2E
+ (120p2 − 48p+ 36)ω20ω−1E
+ (−48p− 9)ω40E, (2.31)
Q(5,1) = 3(p− 2)(10p2 − 29p+ 32)(10p2 − 4p+ 3)ω−4E
− 12p(3p− 4)(10p2 − 4p+ 3)ω−2ω−1E
− 3(p− 8)(p− 2)(2p− 1)(10p2 − 4p+ 3)H−2E
+ 8(2p− 7)(15p3 − 22p2 + 8p− 6)ω0ω−3E
+ 24p2(8p− 9)ω0ω−1ω−1E
− 12(p− 2)(2p− 1)(6p2 − 5p+ 6)ω0H−1E
− 6(2p3 − 32p2 + 29p+ 12)ω0ω0ω−2E
− 6(8p− 9)ω0ω0ω0ω0ω0E, (2.32)
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Q(6) = 2(3696p8 − 22564p7 + 66284p6 − 84937p5 + 56207p4
− 91528p3 + 11774p2 + 29190p− 13500)ω−5E
− 4p(352p6 + 2152p5 − 8282p4 + 7951p3 − 11696p2
+ 6304p− 1542)ω−3ω−1E
− 3p(1584p6 − 5572p5 + 6456p4 − 6877p3 + 5214p2
− 3040p+ 642)ω−2ω−2E
+ 720p3(p− 2)(4p− 1)ω−1ω−1ω−1E
− 24p(p− 2)(2p− 1)(44p4 − 98p3 + 157p2 − 88p+ 48)ω−1H−1E
− 3(p− 2)(2p− 25)(2p− 1)2(44p4 − 13p3 + 62p2 − 48p+ 18)H−3E
+ 3(1760p7 − 9382p6 + 1391p5 + 28130p4 − 14380p3
+ 29762p2 − 25851p+ 7650)ω0ω−4E
+ 12p(352p5 − 1459p4 + 2396p3 − 2894p2 + 1254p− 225)ω0ω−2ω−1E
− 3(p− 2)(2p− 1)(352p5 + 101p4 + 86p3 − 614p2 + 804p− 225)ω0H−2E
+ 12(88p6 + 1104p5 − 4136p4 + 3714p3 − 3944p2 + 2670p− 675)ω0ω0ω−3E
− 6(352p5 − 1099p4 + 686p3 − 689p2 + 804p− 225)ω0ω0ω0ω−2E
− 90(p− 2)(4p− 1)ω0ω0ω0ω0ω0ω0E. (2.33)
The following result will be used in Lemma 3.8.
Lemma 2.2. Let L = Zα be an even lattice of rank one such that 〈α, α〉 6∈
{0, 2} and M a weak V +L -module such that V +L is a submodule of M . Let u
be a non-zero element of M such that H4u, ω2u ∈ C1 ⊂ V +L , and H4+iu =
ω2+iu = 0 for all i ∈ Z>0.
(1) If ǫM (E(α), u) ≥ 0, ω1u = H3u = u, and H4u = 0, then ǫM(ω, u) = 1
and ǫM(E(α), u) = 0.
(2) If ǫM (E(α), u) ≥ −1, ω1u = H3u = 0, and H4u = (−1/3)ω2u, then
ǫM(ω, u) ≤ 0 and ǫM (E(α), u) = −1.
Proof. We write p = 〈α, α〉 and E = E(α) for simplicity. Let t be an integer
such that t ≥ ǫM (E(α), u). Using [24, Lemma 2.2], we expand Q(4)t+4u,Q(5,1)t+5 u,
and Q
(6)
t+6u so that the resulting expressions are linear combinations of ele-
ments of the form
a
(1)
i1
· · · a(l)il Emb
(1)
j1
· · · b(n)jn u (2.34)
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where l, n ∈ Z≥0, m ∈ Z, and
(a(1), i1), . . . , (a
(l), il) ∈ {(ω, k) | k ≤ 0} ∪ {(H, k) | k ≤ 2},
(b(1), j1), . . . , (b
(n), jn) ∈ {(ω, k) | k ≥ 1} ∪ {(H, k) | k ≥ 3}. (2.35)
Then, we have the following results:
0 = −(t + 1)2((16p+ 3)t2 + (−16p2 + 36p+ 12)t
+ 4p3 − 18p2 + 14p+ 12)Etu
+ 2((20p2 − 8p+ 6)t2 + (−16p3 + 44p2 − 10p+ 12)t
+ 4p4 − 18p3 + 18p2 + p+ 6)Etω1u
+ 2((20p2 − 8p+ 6)t2 + (−28p3 + 28p2 + 25p− 3)t
+ 20p4 − 70p3 + 42p2 + 6p)Et−1ω2u
− 4p(p− 2)(4p− 3)Etω1ω1u
− 8p(p− 2)(4p− 3)Et−1ω1ω2u
− 2p(p− 2)(2p− 9)(2p− 1)EtH3u
− 2p(p− 2)(2p− 9)(2p− 1)Et−1H4u, (2.36)
0 = 2(t+ 1)2((8p− 9)t3 + (72p2 + 44p− 45)t2
+ (−78p3 + 166p2 + 115p− 78)t+ 20p4 − 88p3 + 52p2 + 112p− 48)Etu
− 4((102p3 − 64p2 + 43p− 12)t2 + (−78p4 + 226p3 − 77p2 + 71p− 24)t
+ 20p5 − 88p4 + 82p3 + 20p2 + 22p− 12)Etω1u
− 2((202p3 − 96p2 + 57p− 36)t2 + (−240p4 + 134p3 + 560p2 − 295p+ 12)t
+ 220p5 − 818p4 + 558p3 + 117p2 − 102p)Et−1ω2u
− 8p((8p2 − 9p)t− 30p3 + 92p2 − 70p+ 12)Etω1ω1u
− 4p((32p2 − 36p)t− 150p3 + 420p2 − 305p+ 60)Et−1ω1ω2u
+ 4(p− 2)(2p− 1)((6p2 − 5p+ 6)t+ 10p3 − 54p2 + 10p+ 6)EtH3u
+ (p− 2)(2p− 1)((24p2 − 20p+ 24)t+ 50p3 − 300p2 + 75p)Et−1H4u,
(2.37)
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0 = −30(t+ 1)2((12p2 − 27p+ 6)t4 + (228p2 − 513p+ 114)t3
+ (704p5 − 569p4 + 994p3 + 335p2 − 2316p+ 501)t2
+ (−704p6 + 2246p5 − 2098p4 + 2602p3 + 1314p2 − 4422p+ 864)t
+ 176p7 − 932p6 + 1496p5 − 1175p4 + 410p3 + 2656p2 − 3198p+ 540)Etu
− 60((176p5 − 455p4 + 514p3 − 349p2 + 276p− 45)t3
+ (−1056p6 + 2355p5 − 4527p4 + 4854p3 − 2877p2 + 1791p− 270)t2
+ (704p7 − 2950p6 + 5142p5 − 8303p4 + 6886p3 − 3486p2 + 2574p− 405)t
− 176p8 + 932p7 − 1848p6 + 2609p5 − 3033p4 + 1085p3
− 352p2 + 990p− 180)Etω1u
− 6((2112p5 − 5649p4 + 5826p3 − 4179p2 + 3564p− 675)t3
+ (−11792p6 + 21956p5 − 34675p4 + 31030p3 − 11613p2 + 10944p− 2025)t2
+ (10384p7 − 18258p6 + 8401p5 + 8859p4 − 76550p3 + 86952p2 − 19887p+ 900)t
− 10560p8 + 50640p7 − 91020p6 + 126690p5 − 114150p4
+ 22110p3 + 21600p2 − 4770p)Et−1ω2u
+ 120p((176p5 − 455p4 + 694p3 − 754p2 + 366p− 45)t
− 352p6 + 1434p5 − 2623p4 + 3729p3 − 3523p2 + 1524p− 180)Etω1ω1u
+ 12p((3872p5 − 10559p4 + 16276p3 − 17974p2 + 8574p− 1125)t
− 10032p6 + 36036p5 − 61980p4 + 88110p3 − 81438p2 + 34164p− 4050)Et−1ω1ω2u
+ 720p3(p− 2)(4p− 1)Etω1ω1ω1u
+ 2160p3(p− 2)(4p− 1)Et−1ω1ω1ω2u
− 6(p− 2)(2p− 1)((880p5 − 190p4 + 800p3 − 1580p2 + 1800p− 450)t
+ 880p6 − 6596p5 + 9372p4 − 14533p3 + 11462p2 − 72p− 450)EtH3u
− 24p(p− 2)(2p− 1)(44p4 − 98p3 + 157p2 − 88p+ 48)EtH3ω1u
− 24p(p− 2)(2p− 1)(44p4 − 98p3 + 157p2 − 88p+ 48)Et−1H3ω2u
− 3(p− 2)(2p− 1)((2112p5 − 279p4 + 1686p3 − 3774p2 + 4404p− 1125)t
+ 2640p6 − 22780p5 + 29470p4 − 47255p3 + 39830p2 − 6000p)Et−1H4u
− 24p(p− 2)(2p− 1)(44p4 − 98p3 + 157p2 − 88p+ 48)Et−1H4ω1u.
(2.38)
We note that ωiω2u = ωiH4u = Hiω2u = HiH4u = Eiω2u = EiH4u = 0 for
all i ≥ 0 in (2.36)–(2.38) since H4u, ω2u ∈ C1.
(1) Substituting H3u = ω1u = u and H4u = 0 into (2.36)–(2.38) and
deleting the terms including Et−1ω2u from the obtained relations, we
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have the following results:
0 = t2(10p2 − 4p+ 3)
× ((32p− 36)t5 + (−80p2 + 281p− 198)t4
+ (24p3 − 376p2 + 783p− 378)t3
+ (−12p4 + 176p3 − 673p2 + 887p− 294)t2
+ (24p5 + 16p4 − 370p3 + 660p2 − 367p+ 78)t
− 8p6 − 40p5 + 498p4 − 1424p3 + 1697p2 − 864p+ 156)Etu,
(2.39)
0 = t2((2400p4 − 6360p3 + 4080p2 − 2100p+ 360)t6
+ (33792p6 − 87408p5 + 137589p4 − 189186p3 + 124737p2 − 41898p+ 5355)t5
+ (−81664p7 + 382200p6 − 726064p5 + 1055205p4 − 1153306p3
+ 669765p2 − 193386p+ 22095)t4
+ (25344p8 − 412844p7 + 1292964p6 − 2146889p5 + 2965056p4 − 2780396p3
+ 1427091p2 − 369111p+ 39375)t3
+ (−9152p9 + 180504p8 − 874824p7 + 1952142p6 − 2951142p5
+ 3684897p4 − 2957890p3 + 1327089p2 − 306300p+ 30465)t2
+ (20416p10 + 4648p9 − 377744p8 + 1165462p7 − 2048798p6 + 2665009p5
− 2403075p4 + 1390194p3 − 493932p2 + 103029p− 9630)t
− 7040p11 − 36640p10 + 546080p9 − 2091064p8 + 4414496p7
− 6655612p6 + 7729798p5 − 6378462p4 + 3419178p3 − 1123344p2
+ 210006p− 17820)Etu. (2.40)
Deleting ti (i ≥ 3) from (2.39) and (2.40) (cf. (1) in the proof of [24,
Lemma 3.10]), we have
0 = t2p(p− 2)(2p− 1)(8p− 9)g1g2g3g4g5Etu (2.41)
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where
g1 = 720896p
8 − 6533120p7 + 12732160p6 − 11571376p5 + 8753247p4
− 6117402p3 + 2934828p2 − 718146p+ 40095,
g2 = 30976p
10− 93632p9 − 274896p8 + 676496p7 + 70580p6
− 1376964p5 + 1569114p4 − 766098p3 + 138753p2 + 14580p− 6561,
g3 = 32480690176p
17 − 686708228096p16 + 4100113563648p15
− 9261356843008p14 + 4721613180928p13+ 27252555600512p12
− 89074476796752p11+ 153500461862476p10 − 188119215355208p9
+ 182750873232189p8− 146333976903441p7+ 95994434529360p6
− 50207935079160p5+ 20230310418021p4− 6034639211379p3
+ 1264660375698p2 − 169751870910p+ 11394160650,
g4 = 108295298266169344p
28− 1578632220535422976p27
+ 9311723577440993280p26− 30020826118265765888p25
+ 56480859583533809664p24− 34201181968036986880p23
− 166134072751850102784p22+ 653988138655346800640p21
− 1269321655065859079168p20+ 1420723402232025004160p19
− 291714635577902883936p18− 2582683778801669449520p17
+ 6770894754722207547920p16− 10944187113221235636592p15
+ 13555805386036866935018p14− 13737333902075174510823p13
+ 11720517307272109891506p12− 8535382247957070808665p11
+ 5336352269983480520232p10− 2867703024491554846995p9
+ 1322914878412254530550p8− 522431105033231973729p7
+ 175773803489479604430p6− 49918422180208562604p5
+ 11741259740661392544p4− 2205270148985139708p3
+ 309462836760861120p2− 28630525595816700p
+ 1296455338665000
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g5 = 125419598061634584576p
38− 4058775327682313846784p37
+ 61364532083457777467392p36− 582936719229084397731840p35
+ 3943379872911033271844864p34− 20371782223780152285790208p33
+ 83996702697827014071894016p32− 284517625089600742756231168p31
+ 805663391079536900830277632p30− 1920640734900916387237049344p29
+ 3836954501857572677445864064p28− 6271979192897114647393521856p27
+ 7760578552733394021465806368p26− 4960446924702123953479190320p25
− 7465071488664393767860076264p24+ 35708801005589262962946399572p23
− 84222727411601389378170057962p22+ 152434039009084653430665673211p21
− 232437295292831894456601157082p20+ 309491421641544381910932790025p19
− 366054612786171099332876352444p18+ 388035250642103571764606350307p17
− 370337448344968087579269096586p16+ 318820688670520334196524737033p15
− 247602958017955809443453495754p14+ 173233782350652213882420588060p13
− 108885985952016051266803373628p12+ 61222945466874004618327931304p11
− 30611663342976087375389167464p10+ 13506540937664381785106978544p9
− 5208033211875215795239060032p8+ 1733872407863047422573508704p7
− 490817666374303669993349712p6+ 115795112960087840103771888p5
− 22152274459759464382843776p4+ 3301481575103941278100080p3
− 359562883864819986252000p2+ 25437319335136373184000p
− 875923032140153280000. (2.42)
Substituting t = ǫM(E(α), u) into (2.41), we have ǫM(E(α), u) = 0
since gi 6= 0 for all p ∈ Z and i = 1, . . . , 5. Substituting t = 0 into
(2.36), we have
0 = p(10p3 − 35p2 + 21p+ 3)E(α)−1ω2u. (2.43)
Since ω2u ∈ C1, we have ω2u = 0 and hence ǫM(ω, u) = 1.
(2) The same argument as above shows that if ω1u = H3u = 0 and H4u =
(−1/3)ω2u, then ǫM(E(α), u) = −1. Substituting t = 0, H3u = ω1u =
0, and H4u = (−1/3)ω2u into (2.36) and deleting the terms including
E0u from the obtained relation, we have E(α)−1ω2u = 0. Since ω2u ∈
C1, we have ω2u = 0 and hence ǫM(ω, u) ≤ 0.
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3 Proof of Theorem 1.1
In this section we shall show Theorem 1.1. Let L be a non-degenerate
even lattice of finite rank d. Since [24, Lemma 7.3] shows that every weak
V +L -module has an irreducible weak V
+
L -module, it is enough to show that
Ext1
V +
L
(M,W ) = 0 for any pair of irreducible weak V +L -modules M and W
(cf. the last half of the proof of [2, Theorem 2.8]).
Lemma 3.1. Let M be a weak V +L -modules and K an M(1)
+-submodule of
M which is isomorphic to M(1)±, M(1)(θ)±, or M(1, λ) for some λ ∈ L⊥\L.
Then, V +L ·K is a completely reducible weak V +L -module.
Proof. If K ∼= M(1)(θ)±, then V +L · K is a V +L -module by [24, Lemma 7.2
(1)] and hence is completely reducible by [30, Theorem 3.16]. If K ∼= M(1)+,
then V +L ·K ∼= V +L as V +L -modules by [19, Proposition 4.7.7]. If K ∼= M(1)−,
then V −L ·K ∼= V −L as V +L -modules by [24, Lemma 7.1]. If K ∼= M(1, λ) for
some λ ∈ L⊥ \ L, then the proof of [24, Lemma 7.3] shows that V +L · K ∼=
Vλ+L if 2λ 6∈ L and V +L · K ∼= V ±λ+L or V +λ+L ⊕ V −λ+L if 2λ ∈ L. Thus,
V +L ·K is a completely reducible weak V +L -module in each case. The proof is
complete.
Lemma 3.2. Let M and W be two irreducible weak V +L -modules. We set a
M(1)+-submodule K of M by
K =


M(1)+, if M ∼= V +L ,
M(1)−, if M ∼= V −L ,
any irreducible M(1)+-submodule of M, otherwise.
(3.1)
If Ext1M(1)+(K,U) = 0 for anyM(1)
+-submodule U ofW , then Ext1
V +
L
(M,W ) =
0.
Proof. Let 0 → W → N π→ M → 0 be an exact sequence of weak V +L -
modules. Since any weak V +L -module is a direct sum of irreducible M(1)
+-
modules, it follows from [2, Lemma 2.6] that Ext1M(1)+(K,W ) = 0 and hence
we can take an M(1)+-submodule of N which is isomorphic to K and in-
tersects with W trivially. We denote again by K this M(1)+-submodule of
N . Since K ∩ W = 0 and M is an irreducible weak V +L -module, we have
N = W + (V +L ·K). By Lemma 3.1, V +L ·K is a completely reducible weak
V +L -module and hence N
∼= M ⊕W as V +L -modules.
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Corollary 3.3. If a pair (M,W ) of irreducible V +L -modules satisfies one of
the following conditions, then Ext1
V +
L
(M,W ) = 0.
(1) M ∼= V +L and W 6∼= V −L .
(2) M ∼= V −L and W 6∼= V +L .
(3) M ∼= Vλ+L with λ ∈ L⊥ and 2λ 6∈ L and W 6∼= Vλ+L.
(4) M ∼= V +λ+L with λ ∈ L⊥ and 2λ ∈ L and W 6∼= V ±λ+L.
(5) M ∼= V −λ+L with λ ∈ L⊥ and 2λ ∈ L and W 6∼= V ±λ+L.
(6) M ∼= V Tχ,±L where χ is a central character for Lˆ/K with χ(κ) = −1.
Proof. The result follows from (2.24), Lemma 3.2, [24, Proposition 5.8], and
[30, Theorem 3.16]
Let h[1], . . . , h[d] be an orthonormal basis of h. For a weak V +L -module
N and ζ = (ζ [i])di=1, ξ = (ξ
[i])di=1, ρ = (ρ
[i])di=1 ∈ Cd, we define a generalized
eigenspace
Nζ,ξ,ρ =
{
u ∈ N
∣∣∣ For i = 1, . . . , d there exists j ∈ Z>0 such that
(ω
[i]
1 − ζ [i])ju = (H [i]3 − ξ[i])ju = (H〈6〉,[i]5 − ρ[i])ju = 0
}
.
(3.2)
Let 0 → W → N π→ M → 0 be an exact sequence of weak V +L -modules
where W and M are irreducible weak V +L -modules. For all u ∈ Nζ,ξ,ρ and
a, b ∈ {ω[i]1 − ζ [i], H [i]3 − ξ[i], H〈6〉,[i]5 − ρ[i] | i = 1, . . . , d}, we have
au ∈M and abu = 0 (3.3)
since an arbitrary irreducible weak V +L -module is a completely reducible
module for the commutative C-algebra generated by {ω[i]1 , H [i]3 , H〈6〉,[i]5 | i =
1, . . . , d}. For α ∈ h with α ∈ Ch[1] and u ∈ Nζ,ξ,ρ, we have
(ω
[1]
1 − ζ [1] −
〈α, α〉
2
+ ǫ(E(α), u) + 1)2E(α)ǫ(E(α),u)u
= E(α)ǫ(E(α),u)(ω
[1]
1 − ζ [1])2u = 0. (3.4)
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Lemma 3.4. Let L be a non-degenerate integral lattice of finite rank d. and
λ a non-zero element of Q⊗Z L. Then, there exists a sublattice ⊕di=1Zα[i] of
L such that 〈αi, αi〉 6∈ {0, 2} for all i = 1, . . . , d, 〈αi, αj〉 = 0 for all pairs of
distinct elements i, j ∈ {1, . . . , d}, and 〈αi, λ〉 6= 0 for all i = 1, . . . , d.
Proof. We take a sublattice Γ = ⊕di=1Zα[i] of L so that 〈α[i], α[i]〉 6= 0 for
all i = 1, . . . , d and 〈α[i], α[j]〉 = 0 for any distinct pair of elements i, j ∈
{1, . . . , d}. Since L is non-degenerate, we may assume 〈α[1], λ〉 6= 0. If
〈α[2], λ〉 = 0, then writing p = 〈α[1], α[1]〉 and q = 〈α[2], α[2]〉 for simplicity, we
take a pair of non-zero integers x and y so that px2 + qy2 6∈ {0,±1,±2} and
set
β [1] := xα[1] + yα[2], β [2] := −yqα[1] + pxα[2] ∈ L. (3.5)
Then,
〈β [1], β [1]〉 = px2 + qy2 6= 0, 〈β [2], β [2]〉 = pq(px2 + qy2) 6= 0,
〈β [1], β [2]〉 = 0,
〈β [i], α[j]〉 = 0 (i = 1, 2, j = 3, . . . , d),
〈β [1], λ〉 = x〈α[1], λ〉 6= 0, 〈β [2], λ〉 = −yq〈α[1], λ〉 6= 0, (3.6)
and
(α[1], α[2]) =
1
(px2 + qy2)
(β [1], β [2])
(
px yq
−y x
)
. (3.7)
We replace α[1] and α[2] by β [1] and β [2] respectively. Repeating this proce-
dure, we have the result.
Remark 3.5. The reason why we avoid the case that 〈α[i], α[i]〉 = 2 in Lemma
3.4 is that when 〈α[i], α[i]〉 = 2, we need to change the generators of V +
Zα[i]
and
hence the commutation relations in the proof of Lemmas 3.6 and 3.8 below.
Lemma 3.6. For λ ∈ L⊥ with 2λ 6∈ L, we have Ext1
V +
L
(Vλ+L, Vλ+L) = 0. For
λ ∈ L⊥ \L with 2λ ∈ L, we have Ext1
V +
L
(V +λ+L, V
+
λ+L) = Ext
1
V +
L
(V −λ+L, V
−
λ+L) =
Ext1
V +
L
(V +λ+L, V
−
λ+L) = Ext
1
V +
L
(V −λ+L, V
+
λ+L) = 0.
Proof. Let λ ∈ L⊥ \ L. By Lemma 3.4, we can take a sublattice ⊕di=1Zαi of
L of rank d such that 〈αi, αi〉 6∈ {0, 2} for all i = 1, . . . , d, 〈αi, αj〉 = 0 for any
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distinct pair of elements i, j ∈ {1, . . . , d}, and 〈αi, λ〉 6= 0 for all i = 1, . . . , d.
We take an orthonormal basis h[1], . . . , h[d] of h = C⊗Z L defined by
h[i] =
1√
〈α[i], α[i]〉α
[i] (i = 1, . . . , d). (3.8)
We set ζ = (〈λ, h[1]〉2/2, . . . , 〈λ, h[d]〉2/2) and 0 = (0, . . . , 0). When 2λ 6∈ L,
we set (M,W ) = (Vλ+L, Vλ+L), and v = e
λ ∈M , w = eλ ∈ W . When 2λ ∈ L,
we set (M,W ) = (V ρλ+L, V
σ
λ+L) with ρ, σ ∈ {+,−}, and v = eλ±θ(eλ) ∈M =
V ±λ+L, w = e
λ ± θ(eλ) ∈ W = V ±λ+L.
Let 0 → W → N π→ M → 0 be an exact sequence of weak V +L -modules.
We take u ∈ Nζ,0,0 such that π(u) = v. We fix i ∈ {1, . . . , d}. Using a
slight modification of the proof of [2, Lemma 4.8], we shall first show that
ω
[i]
2+ju = H
[i]
4+ju = 0 for all j ≥ 0. It follows from [2, Proposition 4.3] that
H
[i]
3 u,H
6,[i]
5 u ∈ Cw ⊂W and hence
ω
[i]
j H
[i]
3 u = ω
[i]
j H
〈6〉,[i]
5 u = 0 (3.9)
for all j ∈ Z≥2. For m ∈ Z≥1, by (2.29) and (3.9),
0 = (−1 + −5
m3
H
[i]
3 +
5
m6
(H
[i]
3 )
2 +
9
m5
H
〈6〉,[i]
5 )ω
[i]
m+1u. (3.10)
It follows from [2, Proposition 4.3] that H
[i]
3 acts diagonally on W and the
eigenvalues of H
[i]
3 on W are non-negative integers. Since 0 6= −1 − 5a +
5a2+ 9b for any pair of a, b ∈ Z≥0 and ω[i]2 u ∈ W , it follows from (3.10) with
m = 1 that ω
[i]
2 u = 0. We have H
[i]
4 u = 0 by (2.25), H
〈6〉,[i]
6 u = 0 by (2.27),
and H
[i]
5 u = (−2/3)ω3u by (2.28). By (2.25) with m = 2 and (3.9),
H
[i]
3 ω
[i]
3 u = −6H [i]5 u− 6ω[i]3 u = −2ω[i]3 u. (3.11)
Since any eigenvalue of H
[i]
3 on W is non-negative, we have ω
[i]
3 u = 0. It
follows from (2.25) and
[ω
[i]
j , ω
[i]
k ] = (i− j)ω[i]j+k−1 + δj+k−2,0
j(j − 1)(j − 2)
12
(3.12)
for all j, k ∈ Z that ω[i]2+ju = H [i]4+ju = 0 for all j ≥ 0.
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We shall show that u is a simultaneous eigenvector for {ω[i]1 , H [i]3 }di=1 and
is an element of ΩM(1)+(Nζ,0,0). We fix i = 1, . . . d. After renumbering
α1, . . . , αd, we may assume i = 1 and we write α = α
[1], p = 〈α[1], α[1]〉, E =
E(α[1]), and t = ǫ(E(α[1]), u) for simplicity. We may assume
〈λ, α〉 ≥ 0. (3.13)
Since N/W ∼= M , we have
t ≥ 〈λ, α〉 − 1 (3.14)
by (2.18) and (2.19). In [24, (3.68)–(3.71)] we have computedQ
(4)
t+4, u, Q
(5,1)
t+5 , u,
Q
(5,2)
t+5 , u, and Q
(6)
t+6, u so that the resulting expressions are linear combinations
of elements of the form
a
(1)
i1
· · · a(l)il Emb
(1)
j1
· · · b(n)jn u (3.15)
where l, n ∈ Z≥0, m ∈ Z, and
(a(1), i1), . . . , (a
(l), il) ∈ {(ω, k) | k ≤ 1} ∪ {(H, k) | k ≤ 2},
(b(1), j1), . . . , (b
(n), jn) ∈ {(ω, k) | k ≥ 2} ∪ {(H, k) | k ≥ 3}. (3.16)
We shall compute Q
(4)
t+4u,Q
(5,1)
t+5 u,Q
(5,2)
t+5 u, and Q
(6)
t+6u so that the resulting
expressions are linear combinations of elements of the form
a
(1)
i1
· · · a(l)il Emb
(1)
j1
· · · b(n)jn u (3.17)
where l, n ∈ Z≥0, m ∈ Z, and
(a(1), i1), . . . , (a
(l), il) ∈ {(ω, k) | k ≤ 1} ∪ {(H, k) | k ≤ 3},
(b(1), j1), . . . , (b
(n), jn) ∈ {(ω, k) | k ≥ 2} ∪ {(H, k) | k ≥ 4}. (3.18)
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The results are
0 = ((t+ 1− p)2 − 2pω[1]1 )
× (− (p− 2)(p− 2ω[1]1 )(4p− 3) + 2p(8p− 11)t− (16p+ 3)t2)Etu
− 2p(p− 2)(2p− 9)(2p− 1)H [1]3 Etu, (3.19)
0 = ((t+ 1− p)2 − 2pω[1]1 )
× (2(p− 2)(p− 2ω[1]1 )(15p2 − 16p+ 3)
− (118p3 + (−16ω[1]1 − 193)p2 + (18ω[1]1 + 35)p+ 6)t
+ (112p2 + 6p− 21)t2 + (8p− 9)t3)Etu
+ 2(p− 2)(2p− 1)((6p2 − 5p+ 6)t+ 10p3 − 54p2 + 10p+ 6)H [1]3 Etu,
(3.20)
0 = ((t+ 1− p)2 − 2pω[1]1 )
× ((p− 2)(p− 2ω[1]1 )(72p3 + 44p2 − 235p+ 120)
− (284p4 + (−40ω[1]1 − 3)p3 + (6ω[1]1 − 1120)p2 + (88ω[1]1 + 754)p− 48ω[1]1 + 60)t
+ (272p3 + 410p2 − 363p− 270)t2
+ (16p2 + 61p− 102)t3)Etu
+ 2(p− 2)(2p− 1)((14p3 + 21p2 − 74p+ 60)t+ 24p4
− 90p3 − 221p2 + 220p+ 60)H [1]3 Etu, (3.21)
0 = ((t+ 1− p)2 − 2pω[1]1 )
× (− 3(p− 2)(p− 2ω[1]1 )(616p5 − 1262p4 + (−40ω[1]1 + 1958)p3
+ (10ω
[1]
1 − 2397)p2 + 1232p− 150)
+ 3(2464p6 + (−704ω[1]1 − 6537)p5 + (1618ω[1]1 + 9700)p4
+ (−2452ω[1]1 − 12590)p3 + (2848ω[1]1 + 7496)p2
+ (−1388ω[1]1 − 623)p+ 150ω[1]1 − 90)t
− 3(2464p5 − 2793p4 + (40ω[1]1 + 4907)p3 + (−90ω[1]1 − 3483)p2
+ (20ω
[1]
1 − 1252)p+ 385)t2
− 15(p− 2)(2p+ 19)(4p− 1)t3 − 15(p− 2)(4p− 1)t4)Etu
− (p− 2)(2p− 1)((1056p5 − 582p4 + 1428p3 − 1932p2 + 1992p− 450)t
+ 792p6 + (176ω
[1]
1 − 6224)p5 + (−392ω[1]1 + 8666)p4
+ (628ω
[1]
1 − 13729)p3 + (−352ω[1]1 + 11014)p2
+ (192ω
[1]
1 + 120)p− 450)H [1]3 Etu. (3.22)
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Deleting the terms including EtH
[1]
3 u and ((t+1− p)2− 2pω[1]1 )2Etu from
[24, (3.68)–(3.71)], we have
0 = p2(2p− 9)(2p− 1)(4p2 − 12p+ 15)(10p2 − 4p+ 3)
× (44p4 − 13p3 + 62p2 − 48p+ 18)
× t(t− p+ 2)(2t− p+ 1)(2t− p+ 2)(2t− p+ 3)
× ((t+ 1− p)2 − 2pω[1]1 )Etu. (3.23)
We set
u˜ := ((t+ 1− p)2 − 2pω[1]1 )Etu = Et((t+ 1)2 − 2pω[1]1 )u (3.24)
and assume u˜ 6= 0. By (3.23), we have t = 0, p/2− 1, or p− 2.
(1) If t = p− 2, then deleting the terms including EtH [1]3 u from [24, (3.68)
and (3.69)], we have (ω
[1]
1 −1)u˜ = 0. Since 〈λ, α〉2/(2p)+p/2−t−1 = 1
by (3.4), we have 〈λ, α〉2 = p2 and hence t = p − 2 < 〈λ, α〉 − 1 by
(3.13), which contradicts (3.14).
(2) If t = p/2 − 1, then deleting the terms including H [1]3 Etu from (3.19)–
(3.22), we have
0 = (16ω
[1]
1 − 1)(16ω[1]1 − 9)u˜ (3.25)
and hence there exists a non-zero w ∈ 〈ω[1]1 〉u such that (ω[1]1 w,H [1]3 w) =
((1/16)w, (−1/128)w) or ((9/16)w, (15/128)w) by (3.19). This contra-
dicts to [2, Proposition 4.3] which shows that the eigenvalues of H
[1]
3
on Vλ+L for any λ ∈ L⊥ are non-negative integers.
(3) If t = 0, then deleting the terms including H
[1]
3 Etu from (3.19)–(3.22),
we have ω
[1]
1 u˜ = (p/2)u˜. Since 〈λ, α〉/(2p)+ p/2− t− 1 = p/2 by (3.4),
we have 〈λ, α〉 = 2p, which contradicts (3.13) and (3.14).
Thus, u˜ = (ω
[1]
1 − (t + 1− p)2/(2p))Etu = Et(ω[1]1 − (t + 1)2/(2p))u = 0 and
hence (t+ 1)2 = 〈λ, α〉2 by (3.4), which leads
t = 〈λ, α〉 − 1 (3.26)
by (3.14). Since (ω
[1]
1 − (t+ 1)2/(2p))u ∈ Wζ,0,0 = Cw, it follows from (2.18)
and (2.19) that (ω
[1]
1 −(t+1)2/(2p))u = 0. By [24, (3.68)], EtH [1]3 u = 0. Since
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H
[1]
3 u ∈ Wζ,0,0 = Cw, it follows from (2.18) and (2.19) that H [1]3 u = 0. We
conclude that u is a simultaneous eigenvector for {ω[i]1 , H [i]3 }di=1. The same ar-
gument as in the proof (1) of [24, Lemma 5.5] shows that ǫ(Sij(1, 1), u) ≤ 1 for
any pair of distinct elements i, j ∈ {1, . . . , d} and hence u ∈ ΩM(1)+(Nζ,0,0).
Since M(1)− and M(1)(θ)− are not M(1)+-submodules of N , Auu =
Atu = 0 and hence A(M(1)+) · u = 〈Λij | i, j = 1, . . . , d with i 6= j〉u.
By [15, (6.1.15)], Λ2iju = 4ω
[i]
1 ω
[j]
1 u = 〈h[i], λ〉2〈h[j], λ〉2u 6= 0. Since (Λij −
〈h[i], λ〉〈h[j], λ〉)2u = 0, we have Λiju = 〈h[i], λ〉〈h[j], λ〉u and hence Cu ∼=
M(1, λ)(0) as A(M(1)+)-modules. By [24, Corollary 5.9], M(1)+ · u ∼=
M(1, λ) as M(1)+-modules. Now, the result follows from Lemma 3.1.
Lemma 3.7. Ext1
V +
L
(V +L , V
−
L ) = 0.
Proof. Let 0 → V −L → N π→ V +L → 0 be an exact sequence of weak V +L -
modules. Since (V +L )0,0,0 = C1 and (V
−
L )0,0,0 = 0, we can take a non-zero
u ∈ N0,0,0 such that π(u) = 1 and ω[i]1 u = H [i]3 u = H〈6〉,[i]5 u = 0 for all
i = 1, . . . , d. The same argument as in the proof of Lemma 3.6 (cf. (3.9)–
(3.12)) shows that ω
[i]
2+ju = H
[i]
4+ju = 0 for all i = 1, . . . , d and j ≥ 0. Since
P
(8),H
6 u = 0, we have
ω
[i]
0 u = 3H
[i]
2 u. (3.27)
For i, j = 1, . . . , d,
ω
[j]
1 ω
[i]
0 u = −[ω[i]0 , ω[j]1 ]u = δijω[i]0 u (3.28)
and
H
[j]
3 ω
[i]
0 u = −[ω[i]0 , H [j]3 ]u = δij3H [i]2 u = δijω[i]0 u. (3.29)
It follows from [2, Proposition 4.3] that for any i = 1, . . . , d
{v ∈ V +L | ω[j]1 v = H [j]3 v = δijv for all j = 1, . . . , d} = {0} and
{v ∈ V −L | ω[j]1 v = H [j]3 v = δijv for all j = 1, . . . , d} ⊂ Ch[i](−1)1 (3.30)
and hence that ω
[i]
0 u ∈ Ch[i](−1)1 ⊂ V −L . We take β ∈ h so that β(−1)1 =
ω0u =
∑d
i=1 ω
[i]
0 u ∈ V −L . The following argument is a slight modification of a
vertex algebra associated to an even lattice 26
part of the proof of [1, Proposition 4.6]. Since for all α ∈ L and n ∈ Z,
E(α)nβ(−1)1 = −[β(−1), E(α)n]1+ β(−1)E(α)n1
= −(β(0)E(α))n−11+ β(−1)E(α)n1
= −〈α, β〉(eα − θ(eα))n−11+ β(−1)E(α)n1, (3.31)
we have E(α)nω0u = 0 for all n ≥ 1. Since E(α)n = (−1/(n+1))[ω0, E(α)n+1]
for all n ≥ 0, we have ǫ(E(α), u) ≤ 0. Moreover, since E(α)0u = −[ω0, E(α)1]u =
0, we have E(α)0ω0u = ω0E(α)0u = 0. Since L is non-degenerate, it follows
from (3.31) with n = 0 that ω0u = 0 and hence V
+
L ·u ∼= V +L . Now, the result
follows from Lemma 3.1.
Lemma 3.8. Ext1
V +
L
(V −L , V
+
L ) = 0.
Proof. Let 0 → V +L → N π→ V −L → 0 be an exact sequence of weak V +L -
modules. By Lemma 3.4, we can take a sublattice ⊕di=1Zα[i] of L so that
〈α[i], α[i]〉 6∈ {0, 2} for all i = 1, . . . , d and 〈α[i], α[j]〉 = 0 for all pairs of distinct
elements i, j ∈ {1, . . . , d}. We define pi := 〈α[i], α[i]〉 and h[i] := α[i]/√pi. For
i = 1, . . . , d and ζ (i) = (δij)
d
j=1, let u
[i] ∈ Nζ(i),ζ(i),ζ(i) such that
π(u[i]) = α[i](−1)1 ∈ V −L . (3.32)
Since (V +L )ζ(i),ζ(i),ζ(i) = 0, we have
(ω
[j]
1 − δij)u[i] = (H [j]3 − δij)u[i] = (H〈6〉,[j]5 − δij)u[i] = 0 (3.33)
for j = 1, . . . , d. We define
U =
d∑
i=1
Cu[i]. (3.34)
Since Ext1M(1)+(M(1)
−,M(1, α)) = 0 for all α ∈ h \ {0} by [24, Proposition
5.8] and M(1)+1 = 0, the vector space U is an A(M(1)
+)-module which is
isomorphic to M(1)−1 = M(1)
−(0). For any pair of distinct element i, j ∈
{1, . . . , d} and l, m ∈ Z>0, we set
S˜ij(l, m) = α
[i](−l)α[j](−m), (3.35)
which is a non-zero scalar multiple of Sij(l, m). In order to show U ⊂
ΩM(1)+(N), it is convenient to use S˜ij(l, m) instead of Sij(l, m). We fix
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i ∈ {1, . . . , d}. For k = 1, . . . , d, since ω[k]2 u[i] ∈ C1, we have H [k]3 ω[k]2 u[i] = 0.
For j ∈ {1, . . . , d} with j 6= i, by (3.33) and (2.25) with m = 1,
−ω[i]2 u[i] = [H [i]3 , ω[i]2 ]u[i] = −3H [i]4 u[i] − ω[i]2 u[i],
0 = [H
[j]
3 , ω
[j]
2 ]u
[i] = −3H [j]4 u[i] − ω[j]2 u[i] (3.36)
and hence H
[i]
4 u
[i] = 0 and 3H
[j]
4 u
[i] = −ω[j]2 u[i]. By Lemma 2.2, we have
ǫM(ω
[i], u[i]) = 1, ǫM(E(α
[i]), u[i]) = 0 and ǫM(ω
[j], u[i]) ≤ 0, ǫM(E(α[j]), u[i]) =
−1 for j 6= i.
We shall show that ǫM(S˜ij(1, 1), u) ≤ 1 for all non-zero u ∈ U and all
pairs of distinct elements i, j ∈ {1, . . . , d}. We may assume (i, j) = (2, 1).
We take a pair of non-zero integers x and y so that p1x
2+p2y
2 6∈ {0,±1,±2}
and define the sequence α˜[1], α˜[2], . . . , α˜[d] ∈ L by
α˜[1] = xα[1] + yα[2],
α˜[2] = −yp2α[1] + xp1α[2], and
α˜[i] = α[i], i = 3, . . . , d. (3.37)
For i = 1, . . . , d and j = 3, . . . , d, we also define
h˜[i] =
α˜[i]√
〈α˜[i], α˜[i]〉 ,
ω˜[i] =
1
2
h˜[i](−1)21,
H˜ [i] =
1
3
h˜[i](−3)h[i](−1)1− 1
3
h˜[i](−2)21,
u˜[1] = xu[1] + yu[2],
u˜[2] = −yp2u[1] + xp1u[2],
u˜[j] = u[j]. (3.38)
Then, 〈α˜[i], α˜[i]〉 6∈ {0, 2} for all i = 1, . . . , d, 〈α˜[i], α˜[j]〉 = 0 for all pairs
of distinct element i, j ∈ {1, . . . , d}, ω˜[i]1 u˜[j] = H˜ [i]3 u˜[j] = δij u˜[j], and U =∑d
i=1Cu˜
[i]. The same argument as above shows that ǫ(ω˜[i], u) ≤ 1 for all non-
zero u ∈ U and i = 1, . . . , d. For a non-zero u ∈ U , since ǫ(ω˜[1], u), ǫ(ω[k], u) ≤
1 for all k = 1, . . . , d, and
S˜21(1, 1) =
1
xy
(〈α˜[1], α˜[1]〉ω˜[1] − p1x2ω[1] − p2y2ω[2]), (3.39)
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we have ǫ(S˜21(1, 1), u) ≤ 1 and hence U ⊂ ΩM(1)+(N). Now, the result
follows from Lemma 3.1.
(Proof of Theorem 1.1). Since [24, Lemma 7.3] shows that every weak V +L -
module has an irreducible weak V +L -module, it is enough to show that Ext
1
V +
L
(M,W ) =
0 for any pair of irreducible weak V +L -modules M and W (cf. the last half of
the proof of [2, Theorem 2.8]). The result follows from Corollary 3.3, Lemma
3.6, Lemma 3.7, and Lemma 3.8.
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